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1 Motivation: Effective action

The aim of this paper is to calculate the effective action of a scalar field
in a slightly curved spacetime. For this purpose we will develop in section
?? the procedure of Zeta functions and heat kernels. We will go through
the calculation of the heat kernel to leading order in curvature in section
??. In the present section we will introduce the definition and basics of the
effective action, and we will briefly summarize some of the main points of
interest of this functional.

1.1 Definition of effective action

The effective action is defined as a functional ΓL[J(t)] through the relation

eiΓL[J(t)] =
∫ q(+∞)=0

q(−∞)=0
Dq eiS[q(t),J ] (1.1)

Here, the subindex L stands for Lorentz signature (i.e. ds2 = dt2 − dx2),
we will shortly see the relevance of this remark. The r.h.s. of equation (1.1)
is the propagator for a quantized system, K(qf , q0, tf , t0) with boundary
conditions qf (tf → ∞) = q0(t0 → ∞) = 0 and which interacts with an
external field J(t). S[q(t), J ] is the classical Lagrangian action (classical in
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the sense that no gravitational effects are yet taken into consideration). For
the sake of example we write the action of a driven harmonic oscillator as:

S[q(t), J(t)] =
∫ tf

t0
dt
[1

2 q̇
2 − 1

2ω
2q2 + J(t)q

]
(1.2)

Nevertheless, a mathematically rigorous definition of functional integration
is only available for Euclidean path integrals, that is, the decaying analog
of the oscillating Lorentzian exponential equation 1.1, which is expected to
converge better and is easier to perform. Thus, we perform a Wick rotation
t = −iτ so that the action 1.2 is expressed as:

iS[q(t), J(t)]t=−iτ = −
∫ τf

τ0
dτ
[1

2 q̇
2 + 1

2ω
2q2 − J(t)q

]
≡ −SE [q(τ), J(τ)]

(1.3)

where we now wrote q̇ ≡ dq/dτ , and the path integral becomes

∫ q(+∞)=0

q(−∞)=0
Dq e−SE [q(τ),J(τ)] ≡ e−ΓE [J(τ)] (1.4)

which defines the Euclidean effective action, ΓE [J(τ)]. The calculations
made in the following sections will then involve this form of the effective
action.

To conclude this section, we motivate the definition use of the Lorentzian
effective action, which we would obtain from analytic continuation of the
Euclidean analog back to the Lorentzian time. It is clear from equation 1.2,
that we can split the classical (Lorentzian) action into the homogeneous and
inhomogeneous contributions:

S[q, J ] = S0[q] +
∫
J(t)q(t) dt

where the integral boundary conditions have been omitted for clarity. In
general we can always split the J(t)-dependent term from the homogeneous
contribution of the action up to a total derivative. This means that the
classical action is linearly dependent on the external field, so we can write

δS[q, J ]
δJ(t1) = q(t1)

using functional derivative notation. This implies
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∫
Dq q(t1)eiS[q,J ]) = 1

i

δ

δJ(t1)

∫
Dq eiS[q,J ] = 1

i

δ

δJ(t1)e
iΓL[J ]

so we can express the one-point correlation function as

〈0|q̂(t1)|0〉
〈0|0〉 =

∫
Dq q(t1)eiS[q,J ]∫
Dq eiS[q,J ] = 1

eiΓL[J ]
δ

iδJ(t1)e
iΓL[J ] = δΓL[J ]

δJ(t1) (1.5)

Hence, the effective action acts as a generating functional for n-points cor-
relation functions:

∫
Dq q(t1)q(t2) ... q(tn)eiS[q,J ] = δ

iδJ(t1)
δ

iδJ(t2) ...
δ

iδJ(tn)

∫
Dq eiS[q,J ]

As a last note, we state without proof the following property of the effective
action in a curved spacetime: its variation with respect to the metric tensor
gives the vacuum expectation value of the energy-momentum tensor Tµν in
the following manner:

1
2

√
−g(x)〈0|T̂µν(x)|0〉 = δΓL

δgµν(x)

2 Zeta functions and heat kernels

The aim of the following sections is to construct the effective action of a
quantum scalar field, φ(x) in a gravitational metric, gµν . We will consider
a general number of dimensions 2ω. Under the natural assumption that the
field vanishes at x→∞, the classical lagrangian action can be rewritten as

S[φ, gµν ] = 1
2

∫
d2ωx

√
−g [gµνφ,µφ,ν−V (x)φ2] = 1

2

∫
d2ωx

√
−g φ(−�g−V )φ

(2.1)

where the covariant D’Alembert operator �g is defined as

�gφ ≡
1√
−g

∂µ
(√
−g gµν∂νφ

)
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2.1 Euclidean action

Performing an analytic continuation of the action to the Euclidean time
x ≡ (t,x) → x̃ ≡ (τ,x) = (it,x) will imply that the determinant of the
determinant of the new metric,

gαβ(t,x) = g̃µν(t̃,x)∂x̃
µ

∂xα
∂x̃ν

∂xβ
,

changes its sign: g ≡ det gµν = −g̃, given that one row and one column
of the new matrix are multiplied by i. Nevertheless, the covariant volume
measure

√
−g d2ωx remains invariant under the previous transformation, as

we expect from its definition. Finally, the scalar field also remains unchanged
under this transformation, so we can write the Euclidean action (thus the
superindex "(E)") as

SE
[
φ(E), g(E)

µν

]
= 1
i
S[φ, gµν ]t=−iτ = 1

2

∫
d2ωx(E)

√
g(E)

[
φ(E)(�g(E) + V )φ(E)

]
.

(2.2)

Lastly, we change the overall sign of the Euclidean metric, with signature (- -
- -), and define a new metric γµν(τ,x) ≡ −g(E)

µν (τ,x) = −gµν(t,x)|t=−iτ . The
determinant does not change under this last transformation, so γ = g(E);
but the Laplace operator does (since it depends linearly on the metric), so
�γ = −�g(E) . Now that we have introduced the metric, in order to relief the
notation, we will drop the superindex (E) and denote the Euclidean vari-
ables simply by gµν , φ and x. With this notation the covariant D’Alembert
operator becomes

�gφ = 1
√
g
∂µ [√g gµν∂νφ] , (2.3)

and the Euclidean action

SE [φ, gµν ] = 1
2

∫
d2ωx

√
g [φ(x)(−�g + V (x))φ(x)] (2.4)

2.2 Functional determinants

The following step to calculate the Euclidean effective action, as written
in equation (1.4) (and considering the non-trivial action gµν as an external
field), is to express it in terms of a functional derivative. To do so, we
consider eigenvalues λn and eigenvectors φn of the operator entering the
action:
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[−�g + V (x)]φn(x) = λnφn (2.5)

These eigenvectors form a complete orthonormal basis in which we can ex-
pand the scalar field: φ(x) =

∑
n cnφn

1, and write the Euclidean action
(2.4) as

SE [φ, gµν ] = 1
2

∫
d2ωx

√
g
∑
n,m

cmφmλncnφn = 1
2
∑
n

c2
nλn

where we used the property of orthogonality,
∫

d2ωx
√
g φm(x)φn(x) = δmn.

By construction, both cn and λn are generally covariant (i.e. coordinate
independent), thus, if we conveniently define the path integral measure as
Dφ =

∏
n(dcn /

√
2φ), then the path integral defining the Euclidean effective

action reduces to

∫
Dφ exp (−SE [φ, gµ,ν ]) =

∫ ∞∏
n=0

{ dcn√
2π

exp
(
−1

2λnc
2
n

)}
=
[ ∞∏
n=0

λn

]−1/2

The product inside the brackets in the r.h.s. of this expression is simply
the determinant2 of the operator [−�g +V (x)], according to equation (2.5).
Thus we can formally evaluate the Euclidean effective action in equation
(1.4) as

ΓE [gµν ] = − log
[∫
Dq e−SE [φ,gµν ]

]
= 1

2 log
[∏
n

λn

]
= 1

2 log det[−�g + V ]

(2.6)

Remark: Hilbert space versus space of functions

In the previous section we considered the eigenvectors and eigenvalues of a
linear operator −�g+V (x) acting on a space of functions φ(x) (see equation
(2.5)). Nevertheless, the actual operator acts on general vectors of the form
|ψ} belonging to an auxiliary Hilbert space in which we can calculate the
functional determinant. In such a Hilbert space, vectors are defined as

1with cn =
∫

d2ωx
√
gφ(x)φn(x)

2Although rigorously speaking, a generalization of the determinant for infinite-
dimensional operators would be needed.
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|ψ〉 =
∫

d2ωxψ(x)|x〉,

with ψ(x) = 〈x|ψ〉 and 〈x|x′〉 = δ(x − x′), the Dirac delta function in 2ω
dimensions. The scalar product of two vectors in this Hilbert space is defined
by

〈ψ1|ψ2〉 =
∫

d2ωxψ1(x)ψ2(x),

which is manifestly non-covariant. On the other side, the inner product
between two functions φ1 and φ2 follows the covariant inner product

(φ1, φ2) ≡
∫

d2ωx
√
g φ1(x)φ2(x).

It is clear that these inner products only differ by a factor √g. So a mapping
ψ(x) ↔ φ(x) which preserves the scalar product, i.e. (φ1, φ2) = 〈ψ1|ψ2〉,
must fulfil ψ(x) = 〈x|ψ〉 = g1/4φ(x). Furthermore, if we map the self-
adjoint differential operator −�g + V to a Hermitian operator acting in the
Hilbert space M̂ , then its representation by matrix elements in the |x〉 basis
is:

〈x|M̂ |x′〉 = g1/4(x)
(
−�g(x) + V

) [
g−1/4(x)δ(x− x′)

]
. (2.7)

The subscript g(x) in equation (2.7) emphasizes the fact that the derivatives
involved in the operator � are with respect to x rather than x′.

2.3 Zeta functions

Our differential operator −�g has increasingly growing eigenvalues so the
determinant

∏
n λn does not converge. We then need to renormalize it using

the so-called zeta function of the operator M̂ , defined by

ζM (s) ≡
∞∑
n=0

( 1
λn

)s
, (2.8)

analogously to the definition of Riemann’s ζ function. The previous sum
converges for large enough values of s and can be analytically continued
for all other smaller values. We can relate this function to the functional
determinant in equation (2.6) by noting that
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dζM (s)
ds

∣∣∣∣
s=0

=
[
−
∑
n

e−s log λn log λn

]
s=0

= − log
∏
n

λn = − log det M̂.

(2.9)

This provides a definition of the determinant of an infinite-dimensional op-
erator. However, this method also requires to know all eigenvalues of the
operator, so we introduce, at last, the heat kernel as a tool to compute the
ζM function.

2.4 Heat kernels

The heat kernel of the operator M̂ is an operator K̂M (τ) depending on a
scalar parameter τ (which will later be interpreted as the proper time) and
the eigenvalues λn and orthonormal eigenvectors |ψn〉 of M̂ :

K̂M (τ) ≡
∑
n

e−λnτ |ψn〉〈ψn|. (2.10)

One property of this operator is K̂M (τ = 0) = 1̂. It is also clearly well
defined for τ > 0, and its trace takes up an easy expression in the basis
|ψn〉:

Tr K̂M (τ) =
∑
n

〈ψn|K̂M (τ)|ψn〉 =
∑
n

e−λτ .

Now, we can use this trace, along with a rescaled version of Euler’s gamma
function to find an expression for ζM (s). We take u = λnτ and express

Γ(s) =
∫ ∞

0
e−uus−1 du = λsn

∫ ∞
0

e−λττ s−1 dτ ,

with Re s > 0. Putting together the two previous lines we find

ζM (s) =
∑
n

λ−sn = 1
Γ(s)

∫ ∞
0

Tr K̂M (τ) τ s−1 dτ . (2.11)

The first derivative of the heat kernel constitutes its most attractive property
in order to construct it:

d
dτ K̂M (τ) = −

∑
n

e−λnτλn|ψn〉〈ψn| = −M̂K̂M . (2.12)
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Applying the boundary condition K̂M (0) = 1̂, the solution to equation (2.12)
is simply K̂M (τ) = exp

(
−τM̂

)
, and the trace (invariant under change of

basis) entering equation (2.11) is

Tr K̂ =
∫

d2ωx 〈x| exp
(
−τM̂

)
|x〉.

Letting M̂ ≡ −∆, the Laplace operator, the differential equation (2.12)
is the heat equation describing the propagation of heat in a homogeneous
medium. Hence the name heat kernel.

3 Computation of the heat kernel

In this section we calculate in detail the trace of the heat kernel of the oper-
ator M̂ defined in equation (2.7) as a perturbative series. This computation
relies on the assumption that the potential is small, |V | � 1, and that space
is only weakly curved, which we express by decomposing the metric gµν ,
with Euclidean signature, into a sum of δµν and a small perturbation hµν :

gµν(x) = δµν + hµν(x), gµν(x) = δµν + hµν(x). (3.1)

The condition gµαgαν = δµν implies that hµν = −hαβδµαδνβ +O2(hαβ). This
decomposition is not generally covariant since δµν is a fixed matrix, and the
coordinate system must be taken so that hµν(x) is everywhere small, which
is always possible in the assumption that space is almost flat.

The heat kernel can therefore be expressed as a perturbative expansion
K̂M (τ) = K̂0(τ) + K̂1(τ) + K̂2(τ) + . . . , where K̂0(τ) is the heat kernel
for strictly flat space (i.e. g(0)

µν = δµν) and V = 0; the following terms are
progressively smaller corrections in hµν and V . We will calculate only up to
the leading-order correction K̂1(τ).

3.1 Initial approximation to the heat kernel

According to equation (2.12), the flat space solution of the heat kernel K̂0(τ)
obeys the differential equation

dK̂0
dτ = �K̂0, K̂0(0) = 1̂, (3.2)
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where � is the regular Laplace operator in flat space. Then, K̂0(τ) =
eτ�. Now, to find an explicit solution for the matrix element 〈x|K̂0(τ)|y〉,
we expand the exponential eτ� in power series series and use the Fourier
representation of the Dirac delta function in 2ω dimensions δ(x − y) =

1
(2π)2ω

∫
d2ωk eik(x−y):

〈x|K̂0(τ)|y〉 = eτ�xδ(x− y) =
∫ d2ωk

(2π)2ω

[ ∞∑
n=0

(τ�x)n

n!

]
eik(x−y) =

=
∫ d2ωk

(2π)2ω

[∑
n

(−τk2)n

n!

]
eik(x−y) =

∫ d2ωk

(2π)2ω e
−τk2+ik(x−y).

The expression is a Gaussian integral, once we reorder terms and complete
the perfect square we get

〈x|K̂0(τ)|y〉 = 1
(4πτ)ω exp

[
−(x− y)2

4τ

]
. (3.3)

Equation (3.3) is also the Green’s function of the heat kernel equation (3.2).

3.2 Correction to the operator �

As we have seen, we defined the initial approximation to the heat kernel,
K̂0(τ), as the operator satisfying the differential equation (3.3), which in-
volves the Laplace operator �x in flat space. The complete heat kernel
K̂M (τ), satisfies equation (2.12), which involves the more general operator
M̂ , defined in equation (2.7):

〈x|M̂ |x′〉 = g1/4(x)
(
−�g(x) + V

) [
g−1/4(x)δ(x− x′)

]
= −g1/4 1

√
g

∂

∂xν

[
gµν
√
g
∂

∂xµ

(
g−1/4δ(x− x′)

)]
+ V δ(x− x′).

It is convenient (for reasons we will shortly see) to express this operator as a
sum of the flat-space Laplace operator � plus a small correction ŝ depending
on V and hµν : −M̂ = � + ŝ. Now, to simplify the calculations, we split
the correction ŝ into a sum of three terms: ŝ = ĥ + Γ̂ + P̂ . The explicit
derivation of these terms is somehow cumbersome but straightforward, and
makes use of the identity (log g),µ = gαβgαβ,µ. Omitting the potential term
and the arguments in the Dirac delta we have:
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g−1/4∂ν
[
gµν
√
g ∂µ

(
g−1/4δ

)]
=

= g+1/4gµν
(
g−1/4δ

)
,µν

+ g−1/4 (gµν√g),ν
(
g−1/4δ

)
,µ

=

= gµν
(
δ,µ −

1
4(log g),µ δ

)
,ν

+
(
gµν,ν + 1

4g
µν(log g),ν

)(
δ,µ −

1
4(log g),µ δ

)
.

The term containing the second derivative of δ is

gµνδ(x− x′) = (δµν + hµν)∂µ∂νδ(x− x′) = 〈x|� + ĥ|x′〉, (3.4)

defining the operator ĥ and the well-known flat-space Laplace operator �.
Two of the terms involving a first derivative of δ cancel out and we are left
with a simple expression defining Γ̂:

1
4g

µν [(log g),νδ,µ − (log g),µδ,ν ] + gµν,ν δ,µ = hµν,µ ∂νδ(x− x′) = 〈x|Γ̂|x′〉, (3.5)

where we have interchanged the dummy indices µ and ν and used the sym-
metry of gµν to cancel the two first terms. Also gµν,ν = hµν,ν . Finally, the
remaining terms define the operator 〈x|P̂ |x〉 = P (x)δ(x− x′):

P (x) + V (x) = −1
4g

µν(log g),µν −
1
4

(
gµν,ν + 1

4g
µν(log g),ν

)
(log g),µ =

= −1
4g

µν
(
gαβhαβ,µν + hαβ,µ hαβ,ν + hµν,αh

αβ
,β + 1

4g
αβgκλhαβ,µhκλ,ν

)
≈ −1

4δµν�h
µν(x) +O(h2).

We will make use of the last approximation later on.

3.3 Solving the differential equation for K̂1(τ)

In the previous section we detailed the expression −M̂ = � + ŝ. With this
decomposition, we can rewrite equation (2.12) in the following way:

d
dτ K̂M = (� + ŝ)K̂M , K̂M (0) = 1̂.
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If we now plug K̂M = K̂0 +K̂1 and use equation (3.2) to get rid of dK̂0
/

dτ ,
we are left with the differential equation for K̂1(τ):

d
dτ K̂1 = (� + ŝ)K̂1 + ŝK̂0 ≈ �K̂1 + ŝK̂0, K̂1(0) = 1̂, (3.6)

where in the last step we neglected the second-order term ŝK̂1. Given that
K̂0 is already known, we make the following ansatz: K̂1(τ) = K̂0Ĉ(τ) with
an undetermined auxiliary function Ĉ(τ) which we can solve by plugging
this ansatz into equation (3.6):

K̂0(τ) d
dτ Ĉ(τ) = ŝK̂0(τ)⇒ Ĉ(τ) =

∫ τ

0
dτ ′ K̂−1

0 (τ ′)ŝK̂0(τ ′).

Equation (3.2) involves only the linear Laplace operator, which means that
K̂0(τ)K̂0(τ ′) = K̂0(τ+τ ′). And this also implies K̂−1

0 (τ) = K̂0(−τ). There-
fore we can write

K̂1(τ) = K̂0(τ)Ĉ(τ) =
∫ τ

0
dτ ′ K̂0(τ − τ ′)ŝK̂0(τ ′). (3.7)

Since equation (3.7) is linear in ŝ = ĥ + Γ̂ + P̂ , we can decompose K̂1 =
K̂h

1 + K̂Γ
1 + K̂P

1 . We shall first calculate K̂P
1 since the other two terms are

easily computed using this result.

3.4 Computation of the matrix elements of K̂P
1

The matrix elements of interest to evaluate the trace of K̂P
1 (τ) are the

diagonal ones, i.e. 〈x|K̂P
1 |x〉. However, these can also be simply obtained

from the nondiagonal terms 〈x|K̂P
1 |y〉. For this calculation we will make use

of the definition of an orthonormal basis in Hilbert space: 1̂ =
∫

d2ωx |x〉〈x|.
From equation (3.7) we have:

〈x|K̂P
1 |y〉 =

∫ τ

0
dτ ′ 〈x|K̂0(τ − τ ′)P̂ K̂0(τ ′)|y〉 =

=
∫ τ

0
dτ ′ 〈x|K̂0(τ − τ ′)

∫
d2ωz |z〉〈z|P̂

∫
d2ωw |w〉〈w|K̂0(τ ′)|y〉 =

=
∫ τ

0
dτ ′

∫
d2ωz 〈x|K̂0(τ − τ ′)|z〉P (z)〈z|K̂0(τ ′)|y〉 =

=
∫ τ

0

∫
d2ωz

1
[4π(τ − τ ′)4πτ ′]ω exp

[
− (x− z)2

4(τ − τ ′) −
(z − y)2

4τ ′

]
P (z),
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where, in the second line, we have used 〈z|P̂ |w〉 = P (z)δ(z − w) and inte-
grated over w to get rid of the Dirac delta; and in the last line we have made
use of the result in equation (3.3) for 〈x|K̂0(τ)|y〉. To go on from this point
we introduce the Fourier transform of P (z) = 1

(2π)ω
∫

d2ωk eikzp(k):

〈x|K̂P
1 |y〉 =

∫ τ

0

∫
d2ωz

d2ωk

(2π)ω
exp

[
− (x−z)2

4(τ−τ ′) −
(z−y)2

4τ ′ + ikz
]

[4π(τ − τ ′)4πτ ′]ω p(k) =

=
exp

[
− (x−y)2

4τ

]
(4πτ)ω

∫ τ

0

∫ d2ωk

(2π)ω exp
[
−τ
′(τ − τ ′)k2

τ
+ ik

τ

(
xτ ′ + y(τ − τ ′)

)]
p(k),

where we have completed the perfect square to perform the Gaussian integral
over z. By taking the limit y → x we recover the diagonal term, which, after
integration over k results in

〈x|K̂P
1 |x〉 = 1

(4πτ)ω
∫ τ

0
dτ exp

[
τ ′(τ − τ ′)

τ
�x

]
P (x) (3.8)

3.5 Computation of K̂Γ
1 and K̂h

1

The matrix elements of the operators Γ̂ and ĥ contain one and two deriva-
tives of the Dirac delta function, respectively, unlike P̂ , which contained
none. This means that the computation procedure must be modified. We
will detail the calculation for K̂Γ

1 for the sake of simplicity. K̂h
1 follows an

analog procedure.

〈x|K̂Γ
1 |y〉 =

∫ τ

0
dτ ′ 〈x|K̂0(τ − τ ′)Γ̂K̂0(τ ′)|y〉 =

=
∫ τ

0
dτ ′

∫
d2ωz 〈x|K̂0(τ − τ ′)|z〉hµν,ν (z) ∂

∂zµ
〈z|K̂0(τ ′)|y〉 =

= − ∂

∂yµ

∫ τ

0
dτ ′

∫
d2ωz 〈x|K̂0(τ − τ ′)|z〉hµν,ν (z)〈z|K̂0(τ ′)|y〉 =

.

In the last line we substituted the derivative ∂z by ∂y by noting that 〈z|K̂0(τ)|y〉
(the only term the derivative acts on), is a function only of (z − y) in the
exponential. Now this result can be treated analogous to 〈x|K̂P

1 |y〉 by sub-
stituting P (z) by hµν,ν (z). So we have
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〈x|K̂Γ
1 |x〉 = − lim

y→x
∂

∂yµ
〈x|K̂P

1 |y〉
∣∣∣
P (z)→hµν,ν (z)

=

= − 1
(4πτ)ω

∫ τ

0
dτ ′ exp

[
τ ′(τ − τ ′)

τ
�x

]
τ − τ ′

τ
hµν,µν(x).

As mentioned above, the computation for the matrix element of K̂h
1 is similar

so we only sketch here one of the steps required and the final result:

〈x|K̂h
1 |x〉 = − lim

y→x
∂

∂yν
∂

∂yµ
〈x|K̂P

1 |y〉
∣∣∣
P (z)→hµν(z)

=

= − 1
(4πτ)ω

∫ τ

0
dτ ′ exp

[
τ ′(τ − τ ′)

τ
�x

]{
−δµν2τ +

(
τ − τ ′

τ

)2
∂µ∂ν

}
hµν(x).

3.6 Trace of the heat kernel

To conclude we summarize all the previous results to compute the trace of
the heat kernel, Tr K̂. We start by expanding in series the exponential

exp
[
τ ′(τ − τ ′)

τ
�x

]
≈ 1̂ + τ ′(τ − τ ′)

τ
�x,

up to leading order. We also neglect terms of order h2 in P (x), and approxi-
mate (as already anticipated) P (x) ≈ −1

4δµν�h
µν(x)−V (x) +O(h2). Then

we have:

〈x|K̂1(τ)|x〉 = 〈x|K̂P
1 + K̂h

1 + K̂Γ
1 |x〉 =

= 1
(4πτ)τ

∫ τ

0
dτ ′

[
1̂ + τ ′(τ − τ ′)

τ
�x

]{
P (x)− δµν

2τ −
τ ′(τ − τ ′)

τ2 ∂µ∂ν

}
hµν(x) =

= 1
(4πτ)ω

{
P (x)τ − 1

2δµνh
µν − 1

6τh
µν
,µν + τ

6�P −
τ

12δµν�h
µν − τ

30�h
µν
,µν

}
=

= 1
(4πτ)ω

{
−1

2δµνh
µν − V (x)τ + τ

6 [δµν�hµν − hµν,µν ] + �(. . . )
}
,

where the omitted terms (under the last dots) involve fourth derivatives of
hµν . This expression can be rewritten in a manifestly covariant form by
noting that, for the metric (3.1), the volume factor √g and the Ricci scalar
R are:
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√
g = 1− 1

2δµνh
µν +O(h2), R = δµν�h

µν − hµν,µν +O(h2).

Therefore, summing up all results, we get

Tr K̂(τ) =
∫

d2ωx 〈x|K̂0 + K̂1|x〉 =
∫ d2ωx

√
g

(4πτ)ω
[
1 +

(
R

6 − V
)
τ +O(h2)

]
.

(3.9)

To conclude, it is worth commenting that it is possible to perform higher-
order approximation for Tr K̂ involving higher-order terms such asR2, V 2, V R
and RµνRµν (for the second-order one). The next natural step is to calcu-
late the effective action using equations (2.9) and (2.11) involving the zeta
functions of the operator M̂ ; and to study the ultraviolet divergences when
τ → 0. A renormalization procedure is required then but it remains out of
the scope of this paper.
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