CHAPTER D

TIDAL FORCES AND CURVATURE

What are the differential laws
which determine the Riemann
metric (i.e. gu.) itself?...The
solution obviously needed
invariant differential systems of
the second order taken from g, .
We soon saw that these had been
already established by Riemann.

A. EINSTEIN

In both Newtonian mechanics in the absence of gravity and Einstein’s theory of Relativity, inertial
frames are characterized by the absence of accelerations, which are absolute elements of the theory.
If particles move in straight lines at constant speed the system is inertial. On the other hand, if
the trajectory in spacetime is not a straight line the system must be accelerating. The situation is
slightly different when gravity is taken into account. The equality between inertial and gravitational
masses does not allow to locally distinguish the acceleration of a given reference frame from purely
gravitational effects. Gravity can be locally switched off by properly choosing a local inertial frame
associated to an observer in free-fall in the gravitational field. The word locally is fundamental, since
the global behaviours of accelerations and gravity are completely different: while the true gravitational
field vanishes at large distances, the apparent gravitational field in an accelerating frame takes a
nonzero constant value at infinity. Real and apparent gravity can be distinguished by tracking the
relative acceleration of nearby local inertial observers that appears due to the non-homogeneity of the
gravitational field!

5.1 Gravity is a central force: Tides

Non-uniform gravitational fields are observable. Consider for instance two non-interacting particles
falling towards the surface of the Earth (cf. Fig.5.1). Since the Earth is spherical in shape, both
particles move towards the center of the Earth in such a way the separation between them decreases
as they fall. The central character of the gravitational field gives rise to tidal forces. Let’s put this
into equations.
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Figure 5.1: The effect of tidal forces.

In an inertial frame the equations of motion for the particles are given by the usual Newtonian
expressions, namely

d*z’ i 0P (27)

w0 T (5-1)
P +&) 5,00 + )
T (52)

with ¢! the separation vector between the two particles. For sufficiently small separations Eq. (5.2)
can be Taylor expanded to linear order in £* to obtain

d?(z' + &%) 5 (0P (x?) 9 [(0®(z)\
= S gk L R 5.3
dt? Oxk + OxI Oxk & (5:3)
The Newtonian deviation equation for the separation vector £’ becomes therefore
d2§i . 82(13 )
= -4 - | &7 4
dt? 0 (3mkax1> ¢ (54)
The non-relativisitic tidal tensor
g, =gt 02 (5.5)
T 9xkoxd '

determines the tidal forces, which tend to bring the particles together. This is the fundamental object
for the description of gravity and not their individual accelerations g; = 9; P!

f! Exercise

Assume the tidal tensor Eij to be reduced to diagonal form, as in the example below. Show
that the components of that tensor cannot all have the same sign.

As a particular example, that will be useful in the future, consider two particles in the gravitational
field of a spherically symmetric distribution of mass M, i.e ® = —GM/r. The tidal tensor (5.5) in
this case becomes

GM
r3

Eij = (8i; — 3nin;) (5.6)

where n’ = x'/r are the components of the unit vector in the radial direction. Writing explicitly the
different components in polar coordinates we obtain

2 2GM ¢ GM

, dze® GM
dt? =t r3 & a2

-2, (5.7)
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Figure 5.2: Bunch of geodesics classified by the value of \.

Note the different signs: the object is stretched in the radial direction and compressed in the trans-
verse directions. Tidal forces squeeze a sphere into an ellipsoid (cf. Fig.5.1).

Exercise
Assuming the water in the oceans to be in static equilibrium and taking into account the results
of the previous example, estimate the height of the tides generated by the Moon.

Using the tidal tensor (5.5) we can write the equations governing the structure of Newtonian gravity
in the following suggestive way

E'; = 4nGp Poisson’s equation (5.8)
d2€ . o
— = . Y Geodesic Deviation (5.9)
Eij = Ej;
, Bianchi Identities (5.10)
Bl =0

where the symbol [j, ] stands for antisymmetrization in the corresponding indices, i.e.

E'yn =5 (B —Ehy) - (5.11)

1
2
5.2 Geodesic deviation

Let us now study this issue taking into account the things that we learned in the previous chapter.
Consider a bunch of geodesics a#(o, A) classified by the value of some parameter A (cf. Fig. 5.2).
Which is the requirement for having tidal forces? To answer this question, let me define two kinds of

vectors (cf. Fig. 5.2): the tangent vector to the trajectory, W, that we will shortly denote by

ut (o, \), and the derivative in the A direction, w, that we will shortly denote by v*.

Taking Newtonian gravity as a guide, we expect the motion of the particles to be described by a
second order differential equation involving the change of the separation vector v* along the path

D%yt

gz = W Ve (WY (5.12)

The right hand-side of this equation should contain the information about the true gravitational field.
Using the relation'
VPV, ut = uPV ot (5.13)

1t follows directly from the definition of the covariant derivatives and the relation dut /X = dvH /o



5.2 Geodesic deviation 67

between the covariant derivatives of u* and v*, we get two pieces
D2y
“do?
Changing the order of the covariant derivatives appearing in the first piece and using back Eq. (5.13)
in the second piece, we obtain

D?yH
—— = u” (Vo) (Vu') +u0” V.V, o
do N—_——— ——
v (Vour) VoVet+(Ve,V,]
= 07 (Vou) (Vou!) +uv’V, Veu +uv” [V,, V] ut
Terp
= v’ (V,u?) (Veut) +uv’V,Veut +uv” [V,, V| u*
= vV, (W Veu*) +uv” [V,, V| u", (5.15)

=u'V, (uPV,0!) =u'V, (vPV,ut) = u’ (Vo) (Vut) + uvPVaVut . (5.14)

where in the last steps we have simply performed some index relabelings and collected terms. The
first term in the last line of (5.15) vanishes since, as we show in Section 4.6, the tangent vector to the
trajectory is parallel transported along the geodesic, u”V,u* = 0. We are left therefore with a very
compact expression

D2y#
do?

which hides however a big amount of work inside the commutator of the two covariant derivatives.

= uv’ [V,, V] u", (5.16)

What we should expect

" Before proceeding to the explicit computation of this commutator, let me anticipate what is
gonna happen. Note that the commutator of two covariant derivatives acting on a scalar ¢

[VU7 vp](b = Vaapd) - vpaa(b = (Fﬁap - ana) aﬁ(b s (517)
vanishes for a symmetric connection I'",, = I'",

»p» like the metric connection we are working
with (cf. Eq. (4.62)). Taking this into account, let me compute the quantity

Vo, Vol (9ur) = ([Vo, V] ) ut + ¢ [Vo, V] u' = ¢ [V, V] ul. (5.18)

The final result has important consequences. In particular, it tells us that [V,, V] u# cannot
depend on the derivatives of u” because in that case it would also have to depend on the
derivatives of the scalar field ¢. As the dependence on the vector u* is linear, we are left with

an expression of the form
Vo, Vo]ut = RFyopu”, (5.19)

with R, ,, some unknown coefficients. Although the particular combination of connections
inside these coefficients cannot be determined without performing the full computation, it is
nice to have an idea of the final result before computing it, right?

Let us start the explicit computation of the commutator [V, V] u# from the definition of the covariant
derivative

Vout = d,ut +TH, u”. (5.20)
Differentiating with respect to % we obtain
VoVyut = 0, (V,ul) + T\, V,ut —T%,,V,u (5.21)

= 0,0,u* 4+ 0, (TH,pu™) + Ty, (3pu)‘ + FA,W,U“) —I'" (3Hu“ + F'LL)\K’U,)\) ,
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where we have treated V,u* as a second rank tensor. Computing the difference V,V, u* — V,V u#
we find that the terms involving first derivatives of u* vanish, as expected. The covariant derivatives
of vectors do not commute by a value that depends only on the vector field at the point in question

Vo, Vo ut = — (0,16 — 0oTH,, + TH, T ,e —TH.,T%,,)u”" = —R", ,ou” = R¥ opu” . (5.22)

Ambiguities
| Note that the non-commutation of covariant derivatives gives rise to some ambiguities in the

minimal coupling prescription (colon-goes-to-semicolon) introduced in the previous Chapter.
To illustrate this, consider for instance a physical law which in an inertial frame takes the form

U 9,0,V" = U",0,V" =0, (5.23)

with U* and V¥ some vector fields. Which should be the covariant generalization of this law?
Should we write something like
urv,v, vy =0, (5.24)

or rather something like
urv,v,vy =07 (5.25)

According to (5.22), these two equations are not equal; they differ by a factor proportional
R*, -, which is not necessarily zero. The colon-goes-to-semicolon prescription is ambiguous.
This is reminiscent of the problem of ordering operators in quantum mechanics: the minimal
prescription does not say anything about how to order the operators. The correct way of
adapting the laws of physics to spaces with non-vanishing R*,,, can be only determined by
experiments.

\ J

The n* quantities
R'uupa = ap]-—wl/a' - a«yruup + F#np]-—wua - FHI{O’FHV[) (526)

are the components of a tensor, as can be easily seen by applying the quotient theorem? to Eq. (5.22).
This tensor is called the curvature or Riemann tensor and it is defined in terms of the metric and its
first and second derivatives.

Exercise:
e Which is the value of R*,,, for a 2 dimensional Euclidean metric written in Cartesian
coordinates? And if the metric is written in polar coordinates?

e Derive the action of the commutator of two covariant derivatives on a covariant vector.
Hint: This should be a fast exercise. Remember the metric compatibility.

e Use the previous result to determine the action of the commutator of covariant derivatives
on an arbitrary rank-(r, s) tensor.

\ J

Substituting (5.22) into Eq. (5.16) we obtain the so-called geodesic deviation equation

D2yt

do? = _Rﬂupcruyuavp . (5'27)

The term in the right-hand side is the sought-after effect of gravity that cannot be removed by going
to a free falling frame: the tidal acceleration. In the non-relativistic limit, the intrinsic derivative on

2¢f. property 3 in Section 1.4.4
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Figure 5.3: First appearance of the Riemann tensor in Einstein’s Zurich notebooks. The Riemann
tensor is written in the old-fashioned notation (ik,Im). According to some urban legends, Einstein
learned the methods of Ricci and Levi-Civita through his school friend Marcel Grossmann. It was
Grossmann the one who went to the library searching for methods to deal with arbitrary coordinate
systems and discovered the Ricci and Levi-Civita’s 1901 paper. The annotation “Grossmann tensor
fourth rank” that you can find in the right hand side of the formula suggests indeed that Grossmann
conveyed the Riemann tensor formula to Einstein.

the left hand side becomes d?/dt?> and u* ~ §*(, in such a way that

d2om

W = —R”Opg’l)p . (528)

Taking into account Eqgs. (5.4) and (5.5) we can to identify R*q,0 with the non-relativistic tidal tensor
3

E'j =Ry . (5.30)

Exercise:
Compute the Christoffel symbols and the curvature tensor to the lowest order for the line element

ds® = — (1 + 2¢) dt* + 6;;da’da’? (5.31)

Interpret the result.

5.3 Flat versus curved: A dirty and quick introduction to
curvature.

The geodesic equation is a clear manifestation of the geometrical character of the Einstein’s theory of
gravity: it is a theory of curved spacetimes. To understand this, let me start with a basic and dirty
introduction to the theory of surfaces and the concept of curvature. When I say curvature I mean
what you understand by curvature in your everyday experience; objects such as eggshells, donuts,
tennis balls, etc...are curved. A two dimensional surface can be though as embedded in the usual

3Note that the deviation between two neighboring geodesics parametrized by the values A and X + d\ is given by

m
e = dai/\ax = oM. (5.29)
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Figure 5.4: Principals curvatures of a surface.

3-dimensional Euclidean space*. At any given point P on the 2-dimensional surface, we can introduce
a tangent plane with Cartesian coordinates (X1, X2) (cf. Fig. 5.4). This Euclidean space is called the
tangent space to the surface at P. The deviation z(X7, X2) of the curved surface from the tangent
plane describes the local properties of our geometry. Since curvature effects arise only through the
second derivatives of z(x,y), it is convenient to use a quadratic function

2(X1, X5) = %XTMX, (5.32)
with
a c T
M = ( . b ) , X = (X1, X2)" (5.33)

and a, b and ¢ quantities with dimensions of inverse length®. Eq. (5.32) can be recast in a diagonal form
by rotating the coordinates, X = RX, and accordingly transforming the matrix M, M = R~'MR.
In the new coordinate basis (£, n),we obtain

2 2
z(&m) = % (k1€ + kon®) = % (/5)1 + Z2> ; (5.34)

where we have defined the so-called principal curvatures k1 and ko and the principal radii of curvature
p1 and po.

The result is quite intuitive. It simply states that any surface is locally the sum of two parabolas
in the £ and 7 directions and with radius of curvature p; and ps respectively (cf. Fig. 5.4).

4We do this just for visualization purposes; that is why I said that my introduction is somehow dirty. There is
no need to choose a particular embedding for studying the geometry of the surface; the geometry can be completely
determined by measuring angles and distances on the surface. This is indeed a theorem, known as Gauss’ Egregium
Theorem. It words of Gauss himself, it reads

Formula itaque artficuli] praecfedentis] sponte perducit ad egregium Theorema. Si superficies
curva in quamcunque aliam superficiem explicatur, mensura curvaturae in singulis punctis
invartata manet,

which, for those of you not knowing latin means

Thus the formula of the preceding article leads itself to the remarkable Theorem. If a curved
surface is developed upon any other surface whatever, the measure of curvature in each point
remains unchanged.

“1 =1 1

5A local region is defined for values of X1 and X2 much smaller than a c
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Figure 5.5: A clever ant determining the curvature of a sphere via the Bertrand-Diquet-Puiseux
formula.

ﬁ Exercise

I Expand a circle of radius p around some point. Comment on the result.

The square of the distance between two nearby points with coordinates® (z,y) and (x + dx,y + dy) is
given by
ds? = d€? + dn? + d2? = (k1€dE + kandn)® + (d€% + dn?) = v, datda? . (5.35)

Since the measure of the surface curvature cannot depend on the set of coordinates used, it must be
related to the basis-independent attributes of the matrix M. These attributes are its eigenvalues, or
equivalently, its determinant and trace. The determinant K = det M = kqko is called intrinsic or
Gaussian curvature and can be expressed entirely in terms of intrinsic measurements on the surface,
without any reference to the external embedding space. Starting from a point P on the surface and
proceeding along a geodesic on the surface for a proper distance €, we arrive to a point (J;. Repeating
this process with geodesics starting off in different directions, we obtain a set of points @1, @2, ..., all
of them sitting at the circumference C(e€) of a geodesic disc centered at P (cf. Fig. 8.6). A simple
computation using the metric (5.35) shows that the quantity”

3

lim — (2me — C(e 5.37
Tim, = (2ne — C(e)) (537)
measuring the difference between the circumference C(€) of our geodesic disc and a circumference in

the plane, corresponds precisely to the value of the Gaussian curvature K at P
K L im 2 @re— (o) (5.38)

= K1Ko = = lim —= mE — € . .
Y s ot ed

This expresion, relating the Gaussian curvature of a surface to the circumference of a geodesic circle,
is known as the Bertrand-Diquet-Puiseuz formula, and is closely related to the Gauss-Bonnet theorem
that we will discuss below. Spaces with K = 0 everywhere are said to be flat or developable, since
they can be “developed” or flattened out into a plane without stretching or tearing them (cf. Fig.

6Note that although M is diagonal, the metric is not.

"There is not an absolute scale for Gaussian curvature, neither a unique choice of the normalization factor 3/me3
appearing in Eq. (5.37). People have just agreed on the convention that the curvature of the unit sphere should be
equal to 1 (although there are some natural motivations for it). For a small geodesic disc on the unit sphere of radius e
we have

Cle) ~ 2 (e - é63) ) (5.36)

which explains the proportionality factor 3/me3.
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Figure 5.6: Positive (K > 0) and negatively curved (K < 0) spaces.

Y

Figure 5.7: A plane sheet of paper (k1 = k2 = 0) rolled in the form of a cylinder of radius r (k1 = 1/r
and kg = 0). The extrinsic curvature changes from 0 to k1 + ko = 1/7.
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5.7). On the other hand, spaces with K > 0 everywhere are said to be positively curved, while spaces
with K < 0 everywhere are said to be negatively curved or saddle like. For someone living on a given
point of a space embedded in a higher dimensional space, the curvature at that point will be positive
if the space curves away in the same way in any direction, while it will be negative if the space curves
away in a different way when moving in different directions (cf. Fig. 5.6).

A worked-out example: a truly curved space.
I

As a direct application of the Bertrand-Diquet-Puiseux formula, consider the metric of the
2-dimensional sphere of unit radius

ds® = df? + sin® 0d¢? , (5.39)

and take P to be the origin. The distance from the origin to the point (e, 8) is given by

/06 ds = e. (5.40)

The set of points with coordinates (e, 8) form a disc whose circumference is given by

/d@ sine = 2msine. (5.41)
Applying (5.38), we get

. 6 sin e

31_%62(1— ; )_1. (5.42)

The sphere (5.39) is a positively curved space.

L J

On the other hand, the eztrinsic curvature® is defined through the trace of M, namely x; + k2. The
difference between the two can be easily understood by considering, for instance, a plane sheet of paper
(k1 = k2 = 0) rolled in the form of a cylinder of radius r which will look like a curved 2-dimensional
surface embedded in a 3-dimensional Euclidean space (cf. Fig 5.7). For the cylindrical surface we
have k1 = 1/r and k2 = 0. The intrinsic curvature retains the value of the flat sheet of paper. On the
other hand, the extrinsic curvature changes from 0 to k1 + ke = 1/7.

ngxercise: Coodinates should not be trusted

I Is the 2-dimensional space ds? = cos? ¢pd¢? + sin? ¢pdh? curved or flat?

5.4 Parallel transport around a closed path

Consider the sum of the angles of a triangle, let’s call them «, 8 and . As you know this sum is
equal to 7 rad in flat space. What happens in a curved surface? When a surface is curved the sum of
the angles in the triangle® is in general different from 7. The more curved the surface is, the larger is
the difference with respect to the flat result. The quantified version of this rather intuitive result is

8In some books, the extrinsic curvature is normalized as (k1 4 k2)/2 and called mean curvature.
9We are implicitly assuming that the sides of the triangle are geodesics, the curved analog of Euclidean straight lines.
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Figure 5.8: Parallel transport of a vector around a closed path on the sphere.

the result of so-called Gauss-Bonnet theorem!V:

/KdS=a+B+'y—7r (5.43)
s

with K the Gauss curvature and S the area inside the triangle. To generalize this form of curvature,
note that when the tangent vector at the PQ side is parallel transported from P to @ (cf. Fig. 5.8),
it forms an angle m — 8 with the tangent vector of the next side of the triangle. The same happens in
the other vertices. This means that if we make a parallel transport around the whole close path, we
obtain an angle m — 8+ 7 — v+ 7 — «, which, forgetting about 27 multiples and writing the appropriate
sign is given by o+ 8+ v — 7. The Gauss curvature measures the variation, in relation with the area,
of parallel transported vectors around closed paths.

I N

?Ways of determining curvature
] o Make distance measurements in different directions to construct the metric and then use
it to find the curvature

e Take a vector and go around two different paths.

Note that in both cases, we don’t make any reference to the higher-dimensional space in which
we are embedded.

\ J

Although the intuitive reasoning presented above was bidimensional, it can be easily generalized to
arbitrary dimension. To do that consider the parallel transport equation

R
do

', ,v" — 5.44
pV do ( )

and apply it to the case in which v* is parallel-transported along a small curve C from some initial
point P. The value of the vector at any other point o along this curve is given by

o dxP
v (o) = vk —/ F“l,pv”%da. (5.45)

Let us assume the loop C to be infinitesimally small. In that case, the quantities in the integrand of

10The standard presentation of the theory of surfaces is usually based on Gauss’ Egregium Theorem and finishes with
the derivation of the Gauss-Bonnet theorem. This sequence is however not chronological. Gauss deduced the Egregium
Theorem starting from the Gauss-Bonnet theorem.
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previous expression can be Taylor expanded around the point P to get

p(o) = TVplp + 051"y,

PAx* + ... (5.46)

v(o) = vp-TH,

Pv}’;A:rp +... (5.47)
with Az* = 2*(0) — 7. Plugging back these expressions into (5.45) and retaining only those terms

up to first order in Az*, we obtain

L [7 dxP . , [° dx?
PUP/O Eda’ - (8)\1—‘#14; - F#mpr IJ/\) ’PUP/O (ajA - x;) %do’ . (548)

v (o) = vl —T%,,

The second and the last term (the part associated to 27) vanish for a closed path (§ dz* = 0) . We
are left therefore with a net change

Avt = — (9TH,, — TP, T%,) ‘Pv}’) ]{ o P, (5.49)

This effect can be written in a more meaningful form by adding the result of interchanging the dummy
indices p and A. Doing this, and taking into account that

j{d(xpxk) = 7{ (zPda™ + 2*dz”) =0, (5.50)
we get
1
Avt = =0 (0T n = ATy + TV T = T T", ) ‘Pv;, f aPdx™ . (5.51)

Denoting by
AP = j{mpdxA (5.52)

the total area enclosed by the loop C and taking into account Eq. (5.26), we finally obtain
i 1 “w vV ATA
Avt = —§R voAUp AT (5.53)

The change of the vector when it moves along a closed path is proportional to the Riemann tensor
and to the area enclosed by the loop''! R¥,,, is the generalization'? of the Gauss curvature K. The
components of a vector v* will remain unchanged after parallel transport if and only if the curvature
tensor vanishes. In that happens, the spacetime is actually flat. Any apparent dependence of the
metric on the coordinates will be just an illusion due to the use of some weird coordinate system and

11Note that although our derivation was performed under the assumption of having an infinitesimal loop, it can be
easily extended to larger closed curves. A given surface A bounded by a curve C can be understood as the sum of many
small areas bounded by closed curves Cp . Since the changes in Av# around any of the interior curves cancel and only
the outer edges contribute, we can express the change in the components v#* along C as the sum of the changes around
the small curves, namely
Avt =" (Avk) . (5.54)
N

12Indeed the geodesic deviation equation (5.27) is nothing else than the generalization of the Jacobi equation

d2
d%; FKy=0 (5.55)

between two geodesics in a two dimensional surface.
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Figure 5.9: Einstein’s manipulations of the Riemann tensor (Zurich notebook). The computation is
abandoned, “zu umstaendlich” (too involved).

we will be able to find a global coordinate system in which the metric takes a Cartesian form.

Exercise:
Determine the Gauss curvature of a spherical surface of radius R through the Gauss-Bonnet
theorem. Hint: Apply it, for instance, to the triangle determine by the 1/8 part of the sphere.

5.5 Properties of the Riemann tensor

Eq. (5.26) provides a way of computing the 256 components of the Riemann tensor directly from the
line element. This is usually a rather tedious process, even for Einstein (cf. Fig. 5.9). Fortunately, the
covariant form of the Riemann tensor R,,,; = gu)\R)‘l,po. shows many interesting symmetries in its
indices that will simplify our life. Writing it explicitly in terms of the metric and Christoffel symbols
we get

1 K K
Ryvpo = 2 (000p9po + 0u0o9up — 0u06Gup — 0u0pgua) + gar (F’\,,pl“ po T MP) . (5.56)
Using this expression we can derive the following properties:

o Symmetry: The Riemann tensor R,s,, is symmetric under the interchange of the first pair of
indices with the second pair of indices

R,uz/pa = +Rpauu . (557)

e Antisymmetry: The Riemann tensor R,s,, is antisymmetric under the interchange of either
the first two indices or the second two indices

Ruvpo = —Ruvop = —Ruppo = Rupop - (5.58)

This is a direct consequence of the definition of the Riemann tensor ( the operator [V, V] is
antisymmetric) and the metric compatibility

Vo, Voplguw =0 — R" 1po 9w + R vpoGur = (Rupop + Ruvps) = 0. (5.59)

e 1st Bianchi identity: The cyclic sum of the last three indices is zero

3R,u,[upa] = Rp,l/p(r + RMPUV + Ruo'yp =0. (560)
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This can be easily understood by applying the operator [V,, V] to the gradient V, ¢ of a scalar
field. For any scalar V(,V,V ;¢ = 0, which implies

RH[VPU]V,QQS =0. (5.61)

Since the resulting expression is valid for all gradients, Eq. (5.60) follows immediately. Note
that the result is non-trivial only when the three indices vpo are different. When two of these
indices are equal one of the terms drop and the remaining terms just express the antisymmetry
in the last two indices of the curvature tensor.

e 2nd Bianchi identity: The Riemann tensor satisfies the differential identity'?
valLupU + vaR/Luﬁp + VPR/LV(TK =0. (563)

The proof is left as an exercise.

:! Exercise
| Prove Eq. (5.63) Hint: Use a local inertial frame.

¢ Ricci tensor and Ricci scalar: There are two important contractions of the Riemann tensor'?.

The first one is a second rank tensor obtained from contracting a pair of indices. Since R, s is
antisymmetric in pur and po, the only non-trivial contraction is between p and p or between p
and o. These two contractions differ only by a change of sign. Taking the first contraction, we
obtain the so-called Ricci tensor

R, = gupR,uz/pa = Ruu;m' = a,u]-—wua - aal_wu/i + ]-—Wka,u]-—wuo' - ]-—wkaa]-—wl/u ) (564)

which is symmetric, as can be easily seen by taking into account the relation (4.72)

1 1 1
aa]-—wu - acr 781/ V 9> — _780\/m81/ |g| + 781/80 V |g‘ . (565)
8 (x/lgl 9] Vgl

The second contraction is the so-called Ricci scalar or Ricci curvature
R=R",=6¢""Ryo =9""9"" R0 po - (5.66)

That’s all. There are no more non-vanishing contractions. The result (5.66) is quite remarkable.
Among the 20 independent components of the Riemann tensor that transform into linear com-
binations of each other under general coordinate transformations, there is one which remains
unchanged. R is the only scalar involving the metric and two derivatives.

Exercise:
Among the different ways of constructing a scalar from the Riemann tensor discussed
above, why did I not discuss the contraction €**?? R, o7

13This identity is related to the Jacobi identity
(Vi Vo, Vo] + [V, Vi, V] + [V, V], V] = 0. (5.62)

14We will only discuss the contractions at the lower order in the curvature tensor. Higher order contractions such as
R2, Ry, R* or the square of the Riemann tensor, the so-called Kretschmann scalar Ry, p0 R*VP9, will be introduced
at its due time.
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e Contracted Bianchi identities: Note the important result that follows from the Bianchi

identity (5.63) and the definition of the Ricci scalar. Contracting the indices up in (5.63) we get
ViR ypo + VoR by + VR o = ViRye = VoRye + VR o =0, (5.67)

where we have made use of the antisymmetry property (5.58). Multiplying by the metric g*7,
contracting the indices v and ¢ and taking into account that VR, = =V ,R?,, = =V R,
Eq. (5.67) becomes

V.R-V,R%, —V,R’,, = 0. (5.68)

The previous expression can be written in a much more enlightening way

1
v <RW - 2gWR> —0. (5.69)

The divergence of the so-called Finstein tensor

Guv = Ry — %g,wR (5.70)
vanishes by construction'®! The symmetry of the Einstein tensor under the interchange of its
indices follows directly from the symmetries of the Ricci tensor and the metric. Which is the
geometrical meaning of this tensor? To answer this, consider an observer moving with 4-velocity
u* and compute the spatial components of the Riemann tensor in the instantaneous rest frame
of such an observer!6

Reyexw = R Y hP AR o Ry por (5.71)

where we have made used of the projection operator h#, = §*, + utu,. Contracting the indices
~ and A and the indices € and k in the previous expression, we get the scalar

R = hPR"’ Ry po = (9" + u'u”) (977 + u"u”) Ruvpe = R+ 2uMu’ R, . (5.72)
which, comparing with the definition (5.70) of the Einstein tensor , can be written as
R = 2u*u’G,, . (5.73)

G utu” measures the local scalar curvature of the spatially projected curvature tensor.

2

There are several sign conventions involved in the definition of the Riemann tensor and its

A final warning

contractions. Be careful when taking results from different books or articles. Our convention
is that of Misner, Thorne and Wheeler. A very useful reference sheet taken precisely from this
book can be found in the Moodle.

5.6 Independent components of the Riemann tensor

How many independent components has the Riemann tensor R,,,,, in n dimensions? As a 4-indexed
object in n dimensions we have a priori n* independent components, but the symmetries (5.57)-(5.60)
will significantly reduce this number. In order to see this, consider the Riemman tensor R,,,, as

15Remember this, we will made use of it very soon.
16’Ruupg is not the curvature of the 3-space orthogonal to u*, (3)Rw,pg!
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the expression of a symmetric m x m matrix!” Rap = Rpa with indices A = {uv} and B = {po}.
This matrix has %m(m + 1) independent components. The value of m is determined by the number
of choices that we have for A and B, which, taking into account Eq.(5.58), have the same content as
a n x n antysimmetric matrix. We have therefore m = %n(n — 1) possible choices of A and B. The

total number of components so far is

m(m+1) 1 (”(”2 D) (” (”2* D 1) _ (-2 ;: 3’ =) (5.74)

2 2

but we have still to substract the constraints imposed by Eq.(5.60). To determine the number of extra
constraints, notice that if one sets any two components equal (for instance u = v) we get identically
zero (one term goes away by antisymmetry and the other two cancel). Only if the 4 indices are
different we get a constraint. The number of independent constraints is the same as the number of
combinations of 4 objects that can be chosen from n objects

(n) - n! _nmn—=1)(n—2)(n—3) - (5.75)

4 n—4)! 24
The final number of independent components of the Riemann tensor becomes
~ m(m+1) n! ~ n?(n*—1)
Or="7 M- 12 (5.76)

Evaluating this for different dimensions we get

Number of dimensions 1 2 3 4 5
Total components of R, ,» 1 16 81 256 625
Independent components of R*,,, 0 1 6 20 50

The number of independent components in 4 dimensions has been reduced from 256 to 20! The fact
that the number is still quite large is reasonable, since we need a lot of numbers to specify how the
space curves in many different directions.. As we will see in the next Section, these are precisely the
degrees of freedom in the second derivatives of the metric that we cannot set to zero by performing a
change of coordinates.

I N

Exercise
e In one dimension the Riemann tensor is always identically zero. Explain why.

Hint: Remember the geometrical interpretation of the Riemann tensor.
e How many components have the Ricci tensor and the Ricci scalar in 2, 3 and 4 dimensions?

And the Einstein tensor? Is there any dimension in which the Riemann and the Ricci
tensors haves the same number of independent components?

5.6.1 Local versus global flatness: A counting exercise

The Equivalence Principle is based on the existence of locally inertial (or freely falling) reference
frames

g;w(P) = Nuv » 3aguy(P) =0, (5.77)

17This is sometimes called the Petrov notation.
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in which gravity can be transformed away. So, one of the things that we will like to verify is that
this kind of coordinate systems exist in the context of Riemannian geometry, i.e., if we can always
introduce a free falling frame (5.77) at an arbitrary point for an arbitrary metric g,,. For doing
that, consider a coordinate transformation from the coordinates z* to some coordinates £ in the
neighborhood of some point P. Performing a Taylor expansion around P, we get

£Y(x) =&Y (P) + A% Axt + ijl,Aac“Ax” + C%pAct Az AxP + ..., (5.78)
with Az# = gt — P* and!'®
850‘ 1 82§a 1 aSga
A%, = —=— = = D%, = -————| . .
H dgrlp’ " 2 OxtOxv | p HYP 6 dxhdzy Oxr | p (5.79)

Let us see if we can generically choose the values of the coefficients A%, B%,,,, Dfj,, ... in such a way
that the conditions (5.77) are satisfied'?. In four dimensions, the matrix A, has 4% = 16 independent
components. Since we need only 10 conditions to impose g, (P) = 7,,,, we are left with 6 components
to spare, precisely the number of Lorentz transformations and rotations that we can make without
modifying the form of metric in the Minkowski metric 7,,,! The requirement J,g,, (P) = 0 give rise
to 4 x 4(4 + 1)/2 = 40 conditions, which are precisely the number of components of the symmetric
quantity B%,,. We have just proven that one can always choose coordinates in such a way that
the metric reduces to the inertial form (5.77) in an infinitesimal region around a point P. In the
mathematical literature, this is known as the local flatness theorem.

But, what happens with the other coefficients? Can we make also put the second derivatives of
the metric to zero by simply performing coordinates transformations? The answer is no. The second
derivatives of the metric, 0,0,9,., have 10 x 10 = 100 independent components, while Df,, has only
4% x (5 x 6) /6 = 80 components. This means that among the 100 components of the metric second
derivatives only 80 can be set to zero at P via coordinate transformations. Precisely the number of
independent components of the Riemann tensor in 4 dimensions! Indeed, it is not difficult to prove

that, at quadratic order in the coordinates, we can write
1
Guv = Npv — g (Rupua + Rpr,o’) AxPAx? (580)

The second derivatives of the metric (or if you want the first derivative of the Christoffel symbols)
encode the information about the true gravitational field R, ,,!. A free falling observer can pretend
that he/she is not in the presence of a gravitational field, but the tidal forces cannot be eliminated!

Exercise
| Repeat this exercise in arbitrary dimensions. What happens?

5.6.2 The Weyl tensor

In 4 dimensions, the Riemann tensor has 20 independent components, while the Ricci tensor and the
scalar of curvature can only account for 10+ 1 of those components. This should be somehow expected,
since the Ricci tensor and the scalar curvature contain the information about the “traces” of the
Riemann tensor, and not of it as a whole. The 20 independent components of the Riemann curvature
tensor in 4 dimensions can be written in terms of three irreducible pieces: the scalar curvature R, the
tracefree part of Ricci tensor

1
S/ux = Ry,l/ - Zg;va (581)

18Note that, in spite of the appearances, the coefficients in the previous expression are not tensors, because they only

transform as such under global linear coordinate transformations.

9Note that the coefficients B ., Clyp - - - are completely symmetric in the lower indices.
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and the so-called Weyl tensor

1
Cuvps = Ruvpo — (g#[PRU]V - QV[de]u) + gRgu[pgolv : (5.82)

The Weyl tensor is a linear rank-(0,4) tensor in R,,,,, with no dependence on the derivatives of the
metric except through R,,, . It has indeed the same symmetry properties as the Riemann tensor, and
therefore the same number of potential components. Note however that the Weyl tensor is traceless

C“u;m’ = gupCpupo' =0. (583)

which, taking into account the symmetry in the indices v and o, leaves as with 20—10 = 10 independent
components, which together with the 10 — 1 = 9 independent components of the trace free part of the
Ricci tensor Sy, and the single component of the curvature scalar R, makes the 20 components of
the Riemann tensor. Note that no new quantities can be obtained by contracting the indices of the
above irreducible components.

An important property of the Weyl tensor is its behaviour under conformal transformations. A
conformal transformation can be understood as a local dilatation, in which the line element changes
from ds? to Q2(x)ds?, with Q?(z) an arbitrary and non-vanishing function called conformal factor®°.
Through a trivial, but quite involved computation, one can verify that when we perform one of these
conformal transformations

v — QQ(QC)QW ) (5.85)

the totally covariant Weyl tensor transforms accordingly
C[LVPO‘ == QQ (x)cuupg 5 (586)

and therefore*! C*,,, is conformally invariant®?. This has an interesting consequence: in those case
in which the metric can be written as the result of the conformal transformation of a flat spacetime,
G = f(x)0,, or gy = f(z)nu,, the Weyl tensor is zero and the Riemann tensor can be entirely
expressed in terms of the Ricci tensor R, and the scalar of curvature R.

g Exercise
| Prove that the Weyl tensor (5.82) is indeed traceless.

5.7 A laboratory for Riemannian geometry: 2 dimensional
manifolds

In two dimensions the covariant Riemann tensor R,,,, has only one independent component. Since
the indices can take only two different values, say 1 and 2, and R, ,, is antisymmetric in p and v
and p and o, and symmetric in the interchange of the combinations ur and po as a whole, we are left
with an expression of the form Rjs15. Let us see how this component is related to the Ricci scalar. In
order to do that, let me express the Riemann tensor as a linear combination of two tensors

S/,Ll/po' = YupY9vo T;wpa = Guo9vp > (587)

20Note that this kind of transformations conserve the angle between vectors
Uu,v#

NCRIVARE

cos (U, V) = (5.84)

21 Note the position of the indices
22This is true in any dimension



5.7 A laboratory for Riemannian geometry: 2 dimensional manifolds 82

depending only in the metric and respecting the symmetries of the Riemann tensor??

Ruupa =A (S/,LVpO' - TNVpO’) . (588)
Contracting the previous expression to obtain the Ricci scalar in the left-hand side we get
R= Agﬂpgyg (S;wpcr - T,uypo-) =A (gupgupgyogua - g'upg,ucrgyagup) = (4 - 2)14 = 2A, (589)

which allows as to identify the unknown factor A in Eq. (5.88) and write the fully covariant expres-
sion?*
R;wpa =K (g,upgua - g,uagﬂp) y (591)

where we have defined the Gaussian curvature as K = R/2.

5.7.1 A worked-out example: 2 dimensional sphere

Let us go trough the whole process of computing the Ricci scalar. This kind of computations are
usually involved, but with a bit of practice and care they are quite tractable?®. The line element on
the surface of a sphere of radius a can be obtained by substituting the coordinate transformations

r = asinfcos ¢, y=asinfsin¢, z=acosf,

into the Euclidean line element ds? = dz? + dy? + dz?. We obtain

2
ds® = a®d6? + a®sin® 0d¢>  — g, = < % 2 s?n2 ) > . (5.92)

The Christoffel symbols can be computed in many different ways, being the most practical one the
Lagrangian method. The only non-vanishing terms are

I‘g¢ = —cosfsinf, 1"& = I‘ie =cotf. (5.93)
The p = 6 component of the Riemann tensor is given by
R, =0,I%,, — 0,1, + 17,1, —T9\,T%,,. (5.94)

Among the two possibles values of the indices appearing in the I'T" pieces, only the A = p = ¢ choice
contributes, so we can expand the sum over A in the last two terms

R’ = 0,00 — 0,17, +T94,1%,, —T%,,T%,,. (5.95)

Since the Riemann tensor is antisymmetric in p and o, we cannot have p = o. Let’s set therefore
p = ¢ and 0 = 0 (keeping in mind that the alternative choice, p = § and o = ¢, just gives rise to a
relative minus sign). We have

R0 =T%551%00 — 06T, = 0, (5.96)

23The combination S — T is antisymmetric under p < v
24This is the particular expression of a much more general relation

R
Ruvpe = ——— (Gup9vo — Guogup) - (5.90)
n(n —

1)
for a mazimally symmetric spacetime with constant R is arbitrary dimension. Unfortunately, I don’t have the time to
go trough it. The interested reader can have a look to this subject in Weinberg’s book.

25GSince this is the first non-trivial computation of the Ricci scalar that we perform, I will do it in great detail.
Although I could directly compute Ri212 (we are dealing with a 2-dimensional metric) I prefer not to do so in order to
teach you some general tricks related to the symmetries of the Riemann tensor that will be useful when dealing with
more complicated metrics.
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from which we get, potentially, two terms

Rlgse = T%44T%0 — 01%4 =0 (5.97)
Rigs0 = T74oT%00 — 01"y
= (—cosfsinf) (cot ) — sin?# + cos® § = —sin® 0 (5.98)
= —R’4s.

For i = ¢, the Riemann tensor becomes
R®po = 0,15 — 0,1, + T\ ,I e — T3, T, (5.99)
As before, the only option is p = ¢ and o = 6
R?,40 = 051?56 — 06T %4 + T?3sT 5 — T93eT?, . (5.100)
Taking into account that the metric does not depend on ¢, the previous expression reduces to
R?,g9 = =061, —T?4T %5, (5.101)

which is different from zero only if v = 6
1
R¢'9¢9 = —6@F99¢ — F¢¢9F¢9¢ =3, COt2 0=1. (5.102)
sin” 60
The Ricci tensor is obtained by contracting the upper and second lower index. In matrix notation we

have , . , ,
R%900 + R%9p0  R’00p + R 9¢¢) (1 0 )

R = = . 5.103

! ( R399 + R? 350 R’ 494 + R 449 0 sin%0 ( )

The Ricci scalar is

1 1 2
R=¢"R P Ryp = — + ———5—sin’ 0 = — . 5.104
g Rgg + g 00 = 3 + pEyw sin pe ( )
The Gaussian curvature R )
K=2_"=_"_ 5.105
2 aQ ( )

is positive and constant, as expected, and coincides with the result (5.42) obtained by directly applying
Bertrand-Diquet-Puiseux formula (5.38).

Remember: This was quite an explicit computation to show how to use the symmetries to rapidly
derive the final result. In two dimensional cases it is better two remember that the Riemann tensor
has only one independent component, directly compute the Ry212 component

R9¢9¢ = sin2 0 — R.9¢9¢ = 999R0¢9¢ = a2 sin2 0 (5.106)
and contract it with the inverse metric to obtain the scalar of curvature
2 2R,
R=g"Rog+ g%’ Ryy = — = |9‘T"¢’ : (5.107)
a g
Note that the result oR
R = 270960 (5.108)

9]
is just a particular version of Eq. (5.91).

Exercise
Compute the intrinsic curvature of the two-dimensional cone in Cartesian and polar coordinates.
Interpret the result.
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